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obtained, must be inverted. This last may turn out to be very difficult. To quote Boole (p. 277), "It must be borne in mind that the discovery of the generating function is but a step toward the solution of the differenceequation, and that the next step, viz. the discovery of the general term of its development by some independent process, is usually far more difficult than the direct solution of the original difference-equation would be."
The main goal of this note is thus to demonstrate the use of an alternative approach whereby one attempts to solve the difference equations directly. The queueing system considered is a two-level priority queue, level 1 customers having preemptive priority over level 2 customers. The interarrival and service times are assumed to be exponentially distributed random variables, the arrival and service rates for level 2 customers depend upon that level's queue length. A preempted level 2 customer resumes service only when the higher priority queue becomes empty, and the service discipline for each level is first-come-first-served. If the service and arrival rates are constant, the system described is classic (Saaty [1961] , Jaiswal [1968] ). The treatment of queue-dependent rates is a new result.
Denote by ni and n2 the respective current numbers of level 1, and level 2 customers in the system. We denote by Xi and It the constant arrival and service rates for level 1 customers, and by X2(n2) and /2(f2) the queue-dependent arrival and service rates for customers of level 2. Let p(n1, n2) be the stationary joint probability distribution (if it exists) for the numbers of customers at each priority level. The system balance equations are readily obtained as: In the next section we present a direct solution method, and outline its application to the set of difference equations (1)-(4). We also consider the case where the queueing room is finite.
Section 2 is devoted to a brief discussion of the classic system with constant arrival and service rates. We conclude by summarizing the advantages and drawbacks of the direct solution method presented, and we indicate a few queueing problems to which it may be applied.
THE SOLUTION METHOD
The unknown probability distribution p(ni, n2) is a function of two independent variables: ni and n2. The basic idea of the direct solution method presented here is to consider such a function of two variables as a set of functions of one variable. In our case it is convienient, as will be seen shortly, to choose ni as this variable, and to use n2 as an index to identify the function. We thus consider instead of p(n1, n2) a set of functions Pn2(nli). We have, of course, 
Co is an "arbitrary" constant, to be determined from the left-out equations (Eqs. 3 and 4, and the normalizing condition). The solution of (7) Given (9) and the general solution of (8) it is clear that Pn2l(nli) is of the form considered.
Using the fact that 4k(r2(k)) = 0, and hence
we obtain as a particular solution for n2 =1
A2 ( 
It is easy to show that (13) is equivalent to the simple condition Xi < [ti. This is in accordance with the preemptive priority of level 1 customers.
The constants C,12, n2 = 0, 1, *.. , have to be determined using Eqs. 3 and 4 and the normalization condition which may impose yet other conditions for the existence of the steady-state probabilities.
In our case the following approach to the determination of the C.2 seems attractive. From the system balance equations the stationary marginal probability of the number of level 2 customers may be expressed as p(n2) = H _ll2 X2(k -1)/u(k), where u(n2)) = A2(n2)p(nl = 01n2).
For each value of n2 the conditional probabilities p(n, j n2) must sum to unity. Define a set of new constants G,2 with CG2 = p(n2)Gn2. From (9) we obtain Go = 1 -r2(0). In general, using (12), we get Gn2 = fn2(lr2(n2)), where f,% is determined from the following recurrence rela- The new "arbitrary" constants BA are disposed of so as to satisfy the boundary equations (14 and 15), and the remaining Ci's are determined, as previously, from Eqs. 3 and 4 and the normalization condition.
As a final point, note that the solution (12) can only be used directly if no two arrival rates to level 2, X2(n2), are identical. (This is evident from the very form of (12) and also from (10) with (11).)
In the next section we briefly discuss the application of the solution method presented to the case where X2(n2) is a constant. As previously, the C. have to be determined from the boundary equations and the normalization condition.
SOLUTION WITH CONSTANT ARRIVAL RATES
However, unlike in Section 2, formula (10) cannot be used directly to determine a particular solution un2(n1) of (16) It is interesting to note that Pn2(nli) has the form of a polynomial of degree n2 in ni, multiplied by the exponential factor r n, and that, curiously enough, the solution turns out to be more complex when the arrival rate A2 is constant than when it is variable. It is clear that finite queueing rooms may be taken into account in a manner similar to that of Section 2, and do not constitute a particular problem for the method employed.
As a final point, let us note that the generating function for po(ni) is >Y =o po(nfl)znl = Co(1 -r2z)-' and is thus consistent with formula (11-37) of Saaty which gives the generating function of steady-state probabilities.
CONCLUSION
Using the example of a two-level preemptive priority queue we have presented a method which allows a direct solution of the system balance equations. In this way the often difficult problem of "inverting" the generating function is avoided. The method, close to Boole's symbolical method, is mainly suited to difference equations with two independent variables. It is based on the idea to consider a function of two (in principle, also more) independent variables as a set of functions of one variable, and hence to consider the given partial difference equations as a set of simultaneous equations for this set of functions. The method often allows the inclusion of queue-dependent service (and/or arrival) rates, and an easy inclusion of finite queueing rooms. (The treatment of a priority queue with queue-dependent arrival and service rates for lower priority customers presented in this note is a new result.) However, the method presented also has drawbacks. Since it yields the state probabilities, and these may have complex expressions, the determination of expected values for the numbers of customers may be more complex than the generating functions approach where differentiation is involved. A similar remark holds with respect to the normalizing constant. Also, as the reader has probably noticed, the explicit determination of the "arbitrary" constants introduced in the process of solution may not be easy. Therefore, it may be a good idea in some cases to use this method and the generating functions method conjunctly. For instance, when the arrival and departure rates for level 2 customers are constant, the method of generating functions readily yields the normalizing constant Co but not the form of the state probabilities. The method discussed herein, on the other hand, yields the general form of the latter but the determination of Co is much more involved.
Nonetheless, the method presented is, in the author's opinion, worthwhile, as it allows an easy, elementary attack of otherwise difficult problems. These include, for instance, the G/M/1 and M/G/1 queues with correlated arrival and service processes. The basic underlying idea is to use the Coxian representation of a general (well, almost) distribution by a finite number of exponential "stages" (Cox) . The couple composed of the number of the current stage and of the total number of customers in the system is then an adequate description of the state of the queue. The correlation between arrival and service processes is simply expressed by letting the instantaneous rate of the exponential process depend on the current stage in the general process. The balance equations for the state description defined above are then treated as a finite set (as many as there are stages) of simultaneous difference equations with one variable, viz. the total number of customers in the system. The interested reader will find in Brandwajn [1979] a discussion of the application of this method to the G/M/1 and M/G/1 queues with both finite and infinite queueing rooms.
